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It has recently been shown experimentally [l] 
that a plasma excited by multiple pulses of radi- 
ation near the electron cyclotron frequency can 
exhibit echo phenomena, similar to that which 
occurs in a spin system [2]. We wish to point out 
two mechanisms by which echoes can arise m 
classical oscillator systems, and in particular 
in a system of gyrating charged particles, as m 
a plasma. Although a nonlinear treatment of the 
system is necessary to fully understand the echo 
phenomena, a linear treatment is nevertheless 
very illuminating for it shows how the echo may 
arise. 
Consider the response of an ensemble of non- 
interactmg charged particles to a pulsed electric 
field which rotates with angular velocity o x r.+ = 
qB/m about the axm of the static magnetic field. 
In a velocity space system (primed) which rotates 
with the electric field, E’ is constant and the 
linearized equation of motion is 
? + w;: x v’ = (q/m)E’ , (1) 
where OL = oc - w is assumed small and can be 
neglected during the pulses. The first pulse, of 
duration tI(wkt << l), causes all particles to 
acquire a velocity vi = qEitl/m. (See fig. 1 for 
behaviour in v’ space.) 
Following the first pulse, the velocity vector 
of each particle rotates with angular velocity 0; 
which, due to inhomogeneities in the magnetic 
field, may be different fey different particles. 
After a time T >> l/ (w’,2@, the tips of the velocity 
vectors become nearly equally distributed (solid 
circle in fig. lb) and the macroscopic current 
has decayed substantially due to ‘“phase mixing”. 
Velocity vectors at B, for example, will have 
reached B by having rotated through angles 
an & 2rn, n = 0, 1,2,. . . . A second ratio fre- 
quency pulse changes v’ of each particle by 
v2 = qEbt2/m. (For simplicity only we consider 
two identical pulses v2 = Vi.) Fig. lc shows the 
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Fig. 1. Distribution of particle velocities m a rotatmg 
velocity space a) after the first pulse: b) before the 
second pulse; c) after the second pulse: a) prior to 
echo; e) at time of first echo; f) at time of second 
echo. 
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new velocity distribution and there is agam a 
macroscopic current, smce each particle has 
v> > 0. Followmg the second pulse, each velocity 
vector rotates with its own angular velocity wc 
producmg, after a time (<T) the distribution of 
fig. Id, m which the macroscopic current is es- 
sentially zero. The successive loops in (Id) are 
produced by particles which reached ABC.. . in 
(lb) by encirclmg the origin O,l, 2,. . . , n times. 
It is readily shown that when E = 27 the particles 
rebunch in velocity space as m fig. le; i.e., all 
particles which were at B, for example, m (lc) 
are again together at B in (le), irrespective of 
the number of times they encircled the origin in 
reaclung B. Despite the preferential bunching of 
particles m the region of v& < 0, their contribu- 
tion to the macroscopic current is precisely 
cancelled by the contribution from the relatively 
fewer particles withv;, > 0. However, certam 
types of nonlinearities may spoil this cancella- 
tion and lead to a macroscopic current and hence 
to an echo at t = 27. After t = 27 the velocities 
again disperse as in (Id) and rebunch periodically 
at 37,47,. . . . Fig. lf shows distribution at t = 37. 
The macroscopic current is still zero at t = no, 
unless some nonlmearity spoils the exact cancel- 
lation. 
Two general types of nonlinearities should be 
considered: (A) those m which the effectiveness 
of the driving pulse is dependent upon the response 
already produced, (B) those which render the fre- 
quency of the oscillator amplitude-dependent (an- 
harmonic oscillator). 
A) Driving force effects. When charged par- 
ticles 111 a static magnetic field are sublected to 
a spatially inhomogeneous electric field, the ef- 
fectiveness of the electric field decreases with 
increasing orbit size. For a plane electromag- 
netic wave travelmg with velocity c the effective- 
ness of the field 1s reduced by a factor Jo(wp/c) = 
Jo(v/c), where p and 2) are the particles’ gyro 
ra&us and velocity in the laboratory. Such an ef- 
fect implies that the second pulse will shift par- 
ticles HAB to the right by a slightly lesser amount 
than it shifts particles DEF to the right. The 
curve of fig. lc is therefore elliptical and an 
exact cancellation no longer occurs at t = 27. 
Thus there is an echo whose amplitude may be 
shown to be vlv2/8c2 times as large as the re- 
sponse to the second pulse. Subsequent echoes 
are proportional to higher powers of v2/c2 and 
are therefore much weaker. It may also be shown 
that, aside from the amplitude factor, the Fourier 
transform of the echo pulse is lust the distribution 
function of gyrofrequencies, so that as m the spm 
case 121, a very mhomogeneous field leads to a 
short echo pulse and vice versa. 
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B) Anharmomc effects. The relativistic mass 
effect introduces a change in gyrofrequency 
Awe/ wc = -v2/2c2 which depends upon the par- 
ticles’ speed, or energy. As a result, velocity 
vectors along HAB acquire a slight adhtional ro- 
tation relative to those along DEF, which repre- 
sent particles of lower energy This causes ve- 
locity vectors along HAB to rotate toward nega- 
tive (or positive) v;), thus spoilmg the exact can- 
cellation at t = 27 and producing a macroscopic 
echo current. Similarly echoes at t = 37,4r, . . . 
are produced [3]. An energy-dependent gyrofre- 
quency may arise 111 still other ways. For exam- 
ple, when the static magnetic field is spatially 
mhomogeneous, gradients give rise to guiding 
center drifts along surfaces of constant B. When 
the second spatial derivatives of B do not vamsh, 
the effective gyrofrequency depends quadratically 
on orbit size, hence upon the energy. Whether 
this phenomenon is more important than the rela- 
tivistic mass change depends upon the size of 
p2/L2 to v2/c2 (L = scale length for curvature of 
B-field). 
In the plasma case discussed above, both 
types of nonlmearities A and B are dependent on 
v2/c2. However, when an anharmonic effect (B) 
is involved, the relevant quantity is actually 
wcr v2/2c2, the anharmonic shift in orbit phase 
between pulses. Since, in general wcr >> 1, this 
effect can be important even for very small v2/c 2. 
Finally, we emphasize the generality of this 
result. Although the cyclotron echo has been used 
as an example, photon echoes have also been ob- 
served [4] and we expect a wide class of nonlm- 
ear oscillator systems to exhibit echoes, m par- 
ticular anharmonzc oscillator systems, provided 
that the oscillator lifetimes are not too much 
smaller than the mterpulse spacing T. To gener- 
alize the above discussion one can make use the 
substitution (vIx, vy ) - (q, p), the generalized co- 
ordinate and momentum of the oscillator. A single 
oscillator traverses a circular orbit m q-p plane 
(phase space) with angular velocity wc. Figs. la-f 
then describe the motion of an ensemble of oscil- 
lator m a (primed) phase space system which ro- 
tates with angular velocity w (the drivmg frequen- 
cy) with respect to the origin system. Observable 
quantities of interest might be (p(t)> or (q(t)). 
It is a pleasure to acknowledge discussions 
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